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INTRODUCTION



B-Rep Booleans in regular cases

Models Intersection A ∪ B A\B A ∩ B



B-Rep Booleans with overlap surfaces

Models Intersection

1D 2D



B-Rep Booleans with overlap detection

Models Overlap A ∪ B A\B A ∩ B



RELATED WORK



Surface Intersection Overlap Region Detection

Inapplicable to overlap surfaces, limited speed 

[Manocha and Canny 1991]

3D curveparameter

[Rossignac and Requicha, 1987]

[Barnhill and Kersey 1990] [Figueiredo, 1996]

Algebraic Lattice

Marching Subdivision

Algebraic dependence, lack of tolerance overlap

Curve overlap detection

[Vlachkova 2017]

[Vlachkova 2023]

Surface overlap detection

[Chen et al. 2016] 

[Hu et al. 1997] 



Goal: Tolerance-based Overlap Extraction 

Input Output

(1) NURBS Surfaces (2) Tolerance 𝜖

< 𝜖
> 𝜖 > 𝜖

• Overlap Region within Tolerance 𝜖

overlap

non-overlap

• Based on Floating-point Representation

• Overlap Region within Tolerance 𝜖



FORMULATION



Problem Formulation

𝒪1

𝐫1 𝑢, 𝑣

𝐫2 𝑠, 𝑡

𝐫1 𝑢, 𝑣

𝜕𝒪1

Point-to-Point Distance:

𝑑0 𝑢, 𝑣, 𝑠, 𝑡 = 𝐫1 𝑢, 𝑣 − 𝐫2 𝑠, 𝑡 2

Point-to-Surface Distance:

𝑑2 𝑢, 𝑣 = min
𝑠,𝑡 ∈𝒟2

𝑑0 𝑢, 𝑣, 𝑠, 𝑡

Overlap Region within Given Tolerance 𝜖:

𝒪1 ≔ 𝑢, 𝑣 ∈ 𝒟1 𝑑2 𝑢, 𝑣 ≤ 𝜖}

Overlap Region Boundary:

𝜕𝒪1 ≔ 𝑢, 𝑣 ∈ 𝒟1 𝑑2 𝑢, 𝑣 = 𝜖}



Bilevel Optimization Framework

min
𝑢,𝑣 ∈𝒟1

𝑓𝑈 𝑢, 𝑣, 𝑠, 𝑡  subject to 𝑠, 𝑡 ∈ arg min
𝑠′,𝑡′ ∈𝒟2

𝑓𝐿(𝑢, 𝑣, 𝑠′, 𝑡′)

Bilevel Optimization

𝜕𝒪1 ≔ 𝑢, 𝑣 ∈ 𝒟1 min
𝑠,𝑡 ∈𝒟2

𝑑0 𝑢, 𝑣, 𝑠, 𝑡 = 𝜖}

Upper Level Lower Level

𝑓𝐿: Point-to-Surface Distance 𝑑2𝑓𝑈:  𝑑2 𝑢, 𝑣 = 𝜖



Bilevel Optimization Framework

Bilevel Optimization

𝜕𝒪1 ≔ 𝑢, 𝑣 ∈ 𝒟1 min
𝑠,𝑡 ∈𝒟2

𝑑0 𝑢, 𝑣, 𝑠, 𝑡 = 𝜖}

Lower Level

For each 𝑢, 𝑣 ∈ 𝒟1, Find closest (𝑠, 𝑡) ∈ 𝒟2

Upper Level

Find (𝑢, 𝑣) ∈ 𝒟1, s.t. 𝑑2 𝑢, 𝑣 = 𝜖 



ALGORITHM



Boundary Region 

Estimation 

Algorithm Pipeline

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Parametric 

Domain 𝒟1

Cartesian 

Space ℝ3

Input: Output:



Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement



Boundary Region 
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Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Triangulation Estimation

cubic Bézier simplex interpolation



Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Triangulation Classification

inside 𝒪1

outside 𝒪1

intersect 𝜕𝒪1

Estimation



Boundary Region 
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Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Initial Guess Optimization

+𝝐
−𝝐



Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Initial Guess ClassificationOptimization

+𝝐
−𝝐

መ𝑑 𝑢, 𝑣 ≔ 𝐫1 𝑢, 𝑣 − 𝐫2 𝑠, 𝑡 ⋅ 𝐧2(𝑠, 𝑡)

+𝜖 branch: መ𝑑 𝑢, 𝑣 ≥ 0

−𝜖 branch: መ𝑑 𝑢, 𝑣 < 0

𝐧2(𝑠, 𝑡)
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Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Delaunay 

Triangulation
Classification

1𝒪+
𝑇𝑖 = ቊ

1 if 𝑇𝑖 ∈ 𝒪+

0 if 𝑇𝑖 ∉ 𝒪+
 



Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Delaunay 

Triangulation
Classification

Boundary Edge 

Identification 

1𝒪+
𝑇𝑖 = ቊ

1 if 𝑇𝑖 ∈ 𝒪+

0 if 𝑇𝑖 ∉ 𝒪+
 

𝑇1

1𝒪+
𝑇1 ≠ 1𝒪+

𝑇2

𝑇2
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Boundary Region 

Estimation 

Boundary Point 
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Boundary Topology 
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Boundary Region 

Estimation 

Boundary Point 

Calculation 

Boundary Topology 

Connection

Boundary Edge 

Refinement

Incorrect Topology

Significant Discrepancies Length-based Refinement 

Normal-based Refinement 



RESULTS



Performance Comparisons



Performance Comparisons



Different Tolerances

ϵ



Different Tolerances



Application



CONCLUSION



Conclusion

• Introduce tolerance in NURBS Surface overlap region

• Propose a bilevel optimization framework for overlap region calculation

• Present an efficient and robust algorithm for overlap region calculation

Limitation
(a) Misclassification (b) Handling transversal intersection surfaces



THANK YOU!
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